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Efficiency in market price dynamics is assumed tandard financial theorist. Many asset pricing
models in financial literature have been develoethis framework and successively enriched in
order to face more complex and appealing problemeh &s: market risk management, portfolio
choices, etc.

According to the market efficient theory (Fama, @PTnarkets are populated by homogeneous
agents that act in a rational expectation envirortmahere prices fully reflect all the information
available; therefore any change in the informasbould be reflected immediately (by revision the
expectations) into price dynamics.

Nevertheless, Grossman and Stiglitz (1980) haveudsed the problem of possible information
heterogeneity in agents price expectations. Thgueat that if traders pool information openly a
fully reveal equilibrium is reachable, so that peomvith partial information or without any
information could perfectly infer them from pric@herefore, any possible difference in the agent’s
information sets could be eliminated by the usmafket prices.

Even if an efficient equilibrium can be reachedifferencé, this first attempt to move away from
one of the most important assumptions of the atakginancial theory has given the basis to the
analysis of bounded rationality and heterogendiggents.

Distribution of information along traders is notrhogeneous, agents have not the same possibilities
and capabilities to access to markets and consdygukay could form different beliefs about price
expectations.

At this point some questions could rise, for instanis the random walk hypothesis in price
changes empirically sustainable? According to beoty, financial asset prices are not predictable
and any trading strategies implemented not prdétab it true in practice?

Therefore we can consider the price formation meisha as a “black box” where arriving input
such as information enter in it, successively thepats are processed (inside this box) and finally
price is given as output.

In the classical financial theory the mechanisnt #Warks inside this box is well known, but when
some assumption are relaxed (for instance thedattion of bounded rationality) it becomes not so
clear.

Many researchers are involved in answering theipusvguestions, and consequently to discover
this, so called “black box” mechanism; such as dwbural finance” theorists and econonphysics.
The formers try by the use of statistical modeld #re help of psychology to interpret financial
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markets by essentially consider agents actingamatly. On the other hand, econonphysics use the
law of physics and natural science to explain faianphenomena.

Therefore, the growing academic and empirical swdin market microstructure, this particular
area of financial economics that focuses on pricen&tion and trading processes, have been tried
to open up this “black box” using a more flexibled dynamic definition of financial markets.
Nowadays, financial markets operate on high freqydrasis. “Tick by tick® data are produced
during market activity hours, so the amount of datailable, considering that transactions could be
temporally separated only by few seconds, is veigeh Thus, this particular environment is a right
place for testing the statistical consistency ofdel® and theories but it presents also some
problematic.

In fact it appears not so much easy to handle igedist such amount of data also because of cost of
storage. Development in computer science has notaduced this problem and, in addition, has
profoundly modified the trading process from a ctetgly personal to an electronic one.
Nevertheless, personal base trading is not disapgéat still resists as a form of trade.
Furthermore, data are not equally spaced in timegdransactions are not executed in regular time
basis but usually time between trades is randorse&ehers such as Dacorogna (2001) and Gallo
(2006) have tried to face with this problem by iptdations or time aggregation, others have used
stochastic processes in order to model time.

The cleanness of data is also very important. Relsees must arrange the data according to the
analysis they want to perform, for instance: dedéecxtmalous data, take care of possible wrong ticks
or discarding the ones which are not informative am on. It is not an easy task! Handling database
should be done very carefully since statisticalppries of models depend strongly on the used
data. Brownlees and Gallo (2006) proposes somaiolg@rocedures.

Even if many studies such as Engle and Russels8]J1&% others, have found stylized facts in
financial markets such as diurnal or periodic patte intraday financial data or strong dependence
and autocorrelation in financial returns and vdtsticlustering, the study of high frequency data
should be market related and strongly considespleeific characteristics of the period under study.
Therefore, a careful understanding of the markethaeism considered and the rules governing its
participants is of primary interest in order to npgp the “black box” of price formation. In
addition, since markets are dynamic entities ewglwaver space and time, rules and mechanisms in
markets could be different in the same market dutime, or in different markets at the same time.
Although, the use of high frequency data in finarscan important tool for discovering the price
formation mechanism in a new “heterogeneous worlkdé, complexity of such an environment
could arises new questions that depart from thelsimredictability in returns and stimulate new
research streams that academics and practitioneutdsdeal with.

In this paper we try, by a survey on the modernrositucture theory and high frequency data
literature, to provide to the reader an overviewtlo® most important finding apart from the pure
efficient market theory.

This paper is structured as follows: the first s@sgives an overview of the concept of market
efficiency and heterogeneity, while the second ieassliscusses trades and the effect of
information, market structure, and the rule of neankakers. Afterwards, starting form the simple
random walk model for prices we will go through msyetric and inventory models in the price
formation models section, providing in the end anbmation of both models. After that, in the
fourth session, we will discuss the advantagesmneeunter in a high frequency environment taking
into account also data handling concerns. Stylifsatls such as fat tails, temporal dependence,
seasonality and persistency are described as solncarket inefficiency, in the fifth session.

Then in the last session, econometric tools sucAGS models for durations VAR models for
prices and quotas and volatility models in tick diwill be stated. Finally conclusions will be
argued.

3 As we shall see in the following, a “tick” is agioal unit of information as a quote or a transatprice.

2



1. Efficient Market and heter ogeneity: an overview

Since the first work of Bachelier (1900) severaldgts have tried to analyse properties of asset
price movements and try to explain their properatiristics. Lucas (1972) has argued that price
movement are consequences of optimal actions dersain a rational expectation environment
were information are not wasted. Especially in Biouum prices reveal fully information available
in the market and any adjustment, due to new inddion coming has to be reflected properly into
prices (Fama, 1970, 1991).

Prices follow a random walk process, therefore iafgrmation available for predicting the stock
value must be already incorporated into the stoaepthe only source of uncertainty is given by
the error term. Therefore the price reflected etgrbwalues at any point in time and the only source
of price change should be unpredictable (random).

Some “behavioural” theorists have started to puhes@loubts on the efficient market hypothesis
simply having a look to mutual fund performancesgsency. Burton and Malkiel (1995) have
found that managers were able to exploit profibenfrstock market in a period tend to do so also in
the next ones. Some traders could overperform ®ted the market itself, that is not possible in an
efficient word.

Some of them are “searching for alphas” by impletingrthe so called “Portable Alpha” strategies,
where alpha is the measure of a fund portfolisk-adjusted return relative to that of the mar&et,
benchmark.

Along with this empirical finding, some other authosuch as Shiller (1989) try to explain the
heterogeneity of agents.

They discriminated between agents present intoriaket according to their beliefs. The majority
of agents do not follow the rational expectatiorstptates but “fashion” and trends. They have
different way to formulate their expectation acaeongdto different beliefs, so that the volatility in
the market could not only be a matter of unexpe@ede change, but it can be also “trading
generated” and “self generated” (Franch and ROIB4)).

Namely, uninformed traders could follow an upwapdse movement, by buying a particular asset
only because they perceive it as a signal of goge@ation for that particular stock (they do not
have any “hints” about the stock but follow onlyfashion”). The reverse for downwards trends.
Sometime this intuition could be right, other timtb& upwards or downward trends could be
simply do to “noise trader” activity. Camerer anceigelt (1991) have studied the importance of
these phenomena, the so called: “information mgagad formation of bubbles.

Others authors such as Kurtz (1994), Gouree andnk&s1(2000) try to analyse and incorporate in
theoretical models, the difference in beliefs folation and price expectations by using the concept
of bounded rationality.

Moreover, the trading time horizon could be anotteuse of departure from the efficient market
hypothesis. Agents could be divided in four categgrintraday traders (traders in the overnight
position), daily traders, short-run traders andgloan traders (central banks). Even if we suppose
that in each class traders are homogeneous inetiee of price expectation formulation and there
are not “noise traders”, the market as a wholeoisigto determine the price of a stock. Many
agents with different trade-time horizons and dédfé objectives are interacting and creating an
heterogeneous market activity.

These are only some of the theoretical and empifinding that allows us to depart from the
classical financial theory. In the following pafttbe paper many other findings would suggest us
to move towards a new theory of heterogeneous risarkere our scope is to give a flavour to the
reader about the context where market microstracind high frequency data analysis is going to
be set.



2. Price Discovery

2.1 Trade and effect of Information

By the use of microstructure theory, financial emoists and econometrists try to answer some
important questions which have been aroused imtkepretation of modern financial markets such
as: What is the rule of markets in the price distgunechanism? What is the process followed by
prices when new information is available? Traditigitegies and the market organization as a
whole are directly depending on these issues.

Following the classical economic theory, pricesalerthe expectation of the economic value of
assets. In such a prospective, new information ccdwdve two possible effects on prices: a
permanent effect and a transitional one. The foraeés directly on agents’ expectations, the latter
is related to market frictions. Although tradingigity is a sort of “bridge” between information
and the possible effects it may have on pricesatians, the environmental complexity makes this
connection a very difficult object to study.

In general trades can influence both effects. Wesicier permanent effect first.

When a new information hits the market, stocks @aahct differently due to the heterogeneity of
assets available but also to agents heterogenaitfact information sets at their disposal are
different and they act with the aim of perceivinffedent objectives.

This new information could be a private one, namielgan be an information that is belonging to a
particular agent or a set of agents in the markenbt available to everyone (asymmetric model are
based on this assumption).

In this context the price movement is a proxy @ firivate information content of the trade (the
buyer is willing to buy an asset when he has aiqdar information on that stock that the public
does not have). Therefore, a change in the pernhanerponent of price movement could be due to
the information asymmetry between agents actinpemmarket.

We should consider also public news: in this caseefffect on the price should be equal for every
agent but discrepancies on reaction to the newsmgrically tested, so also here we have a
permanent price movement but it could be not conmdta every agent in the same market through
time.

On the other hand, the transitory price effechs perturbation effect of trading activity itsefiat
move away the transaction price from its “fundara&ntalue, i.e. trading costs.

If we suppose the presence of a unique represeatagent in the market and consequently a world
where agents are identical and symmetric (alsbeir information availability), the only permanent
effect is due to the impact of public informatiorhile the lagged adjustment (that is not
contemplate in an efficient world) through it igttransitory effect.

Let us considerp, the trade price at time p,_, the pre-trade price: the price of the stbckme

periods before the trade has occurred, gng post trade price: the price of the stédkne periods
after the trade has occurred. Therefares p,,, — p.., measures the permanent component, while
A = p, - p..x Measures the transitory component.
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The impact of trade on price is related to marlegtitalization, trade size and asset type. Pregisely
larger trade size and lower market capitalizatioe wsually accompanied with larger price impact
of trade. Small cap stocks are more subject temi@anging compared to larger ones (Loeb, 1983).
Market liquidity is also a relevant factor. Largades on large cap stock in liquid market have a
very low price impact compared to illiquid markebitnthe predominance of small caps.

The importance of trading into price formation matism has been empirically studied by Franch
and Roll (1986). They have noticed that assetsmatalatility is higher during trading hours rather
then no-trading periods. Some explanations haven l@¥gued for such a phenomena: many
information are arriving during open hours, markate vehicle of private information to be
incorporated into prices by the actions of infornediers and this create volatility and lastlyyas
have pointed out in the introduction, trading caeate volatility itself. Others authors such as
Harris (1986), Jain and Joh (1988) Wood, Mclnistd &rd (1985) and Wood (1992) have
discovered many “anomalies” also in price changenduthe open hours using intraday data such
as U-shaped pattern in bid-ask spread and voyatilit

The presence of private information is also a r@hvssue. In fact not only new information could
move prices, but also beliefs revisions. For instatmaders can buy stocks when they think that a
stock is underevaluated, this can be derived niyt foom private news but also from a revision in
their personal views.

Moreover, information is not the unique relevarguanent in price formation; also the rule of some
market operators can be very important in this raedm. Therefore the “price setters” or Market
Makers are crucial.

Before a discussion on their rule, some clarifmatbn the functioning of market variables has to be
done. The next paragraph we will deal with thisiéss

2.2 Market Structure

Although the structural forms of financial markatg different around the world both spatially and
temporally, here we are going to illustrate somerketa data which are used commonly
everywhere.

Quotes are particular data that contain informatout the best conditions of trading in the
exchange. These information are: quote time stahape(and time of order execution), bid price
(price, for a single share of asset, at which gasg to be sold), bid volume (number of lots whic
are offered), ask price (price of a single shareasdget, at which it is going to be bought), ask
volume (number of share which are asked). Additiamarmation about the quota condition may
be provided. Quotas are set by market makers.

During the trading day, we can have two possibhe kif order: market order and limit order.

Market order is an order to buy or sell a certaumber of assets at the current price (bid or ask
price) while the limit order determines the maximpnice at which a trader is willing to buy a
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certain number of assets or on in the selling dasetermines the minimum price at which a trader
is willing to sell.

In the former case a trader is sure that a tramsautill be executed but he is not sure about the
timing; in the latter we have the reverse, in galtr the possible order execution will be done at
the best price. All the orders are ordered resjoetine and price in the book. The best limit oder
form the bid and the ask quote. Matching betweelersrgenerate a trade.

Trades contain information about the executed ofleese information are: transaction time stamp
(date and time of execution), transaction pricecérof a single share of asset exchanged),
transaction volume (number of share exchanged).

2.3 Market Makers

Market makers control market liquidity and guaranmontinuity on market trade. Difference
between bid and ask prices, the so called “bidsgskad”, is a measure of market liquidity: large
market liquidity, low spread level and viceversairtRermore, in the context of asymmetric
information, spreads could be interpreted as a emsgtion required from the market makers to
protect themselves against trades with informedens Market makers could learn from traders
behaviour so that they are able to acquire a tglliof the market compositidrand adjust the
spread as a consequence. Some studies on thenfpammicess have been done by Easley and
O’Hara (1987).

In the literature we can find two alternatives viaydefine the rule of market makers in the market:
a passive rule or an active one.

In the passive rule view, market makers are consitl@s “supplier of immediacy”. Since they
collect all the orders in the book, they can eaBilg matching between them and consequently
trade possibilities. In this context they assuabiity and the “bid-ask spread” is considered as
return of their service (Demsetz (1968)).

In the active rule, market makers do not care atlgut continuity and stability but they actively
participate to price formation by adjusting thentading to their inventory level. Specifically,
dealers set prices on the basis of their invenbbijgctives: if they are long on a particular kirfd o
asset, they will reduce its price in order to attiauyers and reduce their overaccumulation on a
specific side of the market; the reverse happerase of short positions. Therefore market makers
do not adjust only spread but they move also pra@e®rding with their inventory politics (Smidt
(1971)).

Price stability is also guarantee trough an aative of market makers. For example traders that are
willing to buy some share of an asset, do not Hawsait for other traders that would like to sell
them, but they simply require the dealer servicelwbffers assets through an own stable inventory
politics. Hence, the active rule gives an additistpe to the simple order matching provided by
the “supplier of immediacy” in the passive rule.

* Volume, trade speed, transaction rates are son@bles from which market makers can infer markehposition.
Since informed traders want to exploit their infation against the uninformed, higher values inghesiables is
related with an higher informed trader market cositjan.
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3. Price Formation Models

In this section we will present a review of simpnomic model for price formation starting from

the simple random walk hypothesis typically usee@fiircient markets and successively expanding
that model in order to take account of asymmetriormation (a kind of heterogeneity) and market
maker activity (inventory rule in price setting).

3.1 Random walk Price model

Let us consider the following model:
pt = pt—l + gt (31)

where p, is the asset price at tinte p,_, is the asset price at timel and &, is the error term.

According to the efficient market hypothesis pribehave as a martingale; hence price change are
unpredictable. Specifically the structure of ertemrm is usually described by a white noise. We
have:E(¢g,) = Q E(¢,,&,) =0 for t # j andVar(g’) =o?.

By the properties of martingale processes all ti@mation regarding prices are promptly reported
so that the best prediction for the next periodeis today price.

In practice prompt transaction reporting could mhet always possible. Information costs and
proximity to the market are two possible causegepbrt delay (inefficiencies). Sometime getting
information directly into the market is not easygcould require time, i.e. inquiry are made and
successively time is required for getting data.réfare, some traders, that are not really “near” to
the market can get costly information (commission the service provided) with some delay
(Hasbrouck (1995)).

Although we suppose that traders have the samemiatmon set, the time required in processing
information can vary across agents due to idiosticheterogeneity.

These facts suggest that random walk hypothesiassy rejected in market microstructure models,
hence many researcher would like to understandelyece of divergence as well as give a possible
explanation to carry over by modelization.

3.2 Bid-ask spread price model

A simple modification of random walk price procesmsists in the introduction of bid-ask spread
in a “supply of immediacy” market makers context.

First we should split the price into two componenkte efficient price component that follow a
random walk process and a transitory component riates away the price from its level of
efficiency. We can consider this model:

ef, =ef_ +¢& (3.2)
P =ef +s (3.3)

where ef denotes the efficient price asdhe pricing error. This price error component esgnts
how much, for instance a buyer has to pay in aoildito the efficient price. Surely this term has not
to be the same across agents, since they areatiffeach other: agent’s characteristics have strong
effects on the prices they can give and take.



We suppose a constant bid ask spread that isrgplitwo parts, half of it is charged to the eftict
price in order to find the bid price, the otherfhialdeducted to the efficient price in order todfi

the ask priceq® =ef. -S /2andq’ =ef, +S /2. Therefore:
S =%S /2 (3.4)

whereSis the bid-ask spread.
Accordingly to the side of the transaction the eatfis could be positive or negative. We suppsse

to be a stationary random process with homoskedastiiance Yar(s’) =o?), zero mean
(E(s) =0), no serial correlationg(ss;) = @®r t # j) and not dependencies between increments
in efficient price and (E(¢,,s;) = 0 for allt andj).

This last assumption is a crucial one for discremimy between the effect of efficient price
variation and the transitory variation in price rfadation. In fact smaller is the pricing error

variance, closer the price would be to the efficmme.
Roll (1984) rearranged the model in terms of pdieange as follows:

Apt =& T8-S, (3-5)

and he has found an expression for the sp&afli = 2,/— ), , where ), = EApAp,_, is the first-

order autocovariance term. The result implies apoitant finding in terms of stylized facts: the
first order negative autocorrelation. We will dissut in the following sections.

Goldman and Beja (1979) suggest a model where tive pdjustment is gradual and, for this
reason, the dependencies could be of high order.

3.3 Market Makers price model: the presence ofniwegy

As we have previously seen, market makers actanty their careful attention to inventory politics
have to be taken into consideration into price fation models.

First we consider a modification of a simple randealk model that allows the inventory control
by market makers.

Let us considerx, the signed trade quantity: it is positive if a léeas going to sell to a trader (so

the trader is willing to buy) while it is negatiifea dealer is going to buy from a trader (hamély t
trader is willing to sell to the dealer). Given iketr makers risk aversion they should control their
inventory through time in order to avoid strongifios on a particular side of the market

Here we consider the same efficient price equaiged in (3.2).

Quotas are directly determined by inventory posiaod efficient component as follows:

o =ef -bl (3.6)

t-1

® The inventory position at timgs: 1, = |, - Z X, . As time increases, the sum will diverge so thataaket maker
k=1

is over exposed for an infinite amount, an markétfe is certain (Gambler’s Ruin problem). Hedealers have to

adjust their inventory periodically by moving price
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where |, denotes the inventory position in the previousgaeandb is the intensity coefficient

associated with inventory, namely it measures hawehrthe previous inventory stock will affect
the quote value todagj, .

Inventory at period is given by the following equation:

=11 —% (3.7)

where a positive trade quantity is going to dea@dhe inventory level since the dealer will selitpa
of its inventory stock to the trader, the oppob@ppens in the case of negative trade quantity.
The signed trade quantity is determined partly oamg and partly from the difference between
guotas and efficient price. This implies the follog/formulation:

X = -a(q —ef) +7, (3.8)

wherea is a coefficient associated with the differencerMeen quotas and efficient price whijeis
a white noise process uncorrelated wath

Finally price is the summation of quota and tratieaccost (it is a percentage of the signed trade
guantity, we call ik):

P =0 +kx (3.9)
The complete model is the following:
ef, =ef_ +¢&
g, =ef —bl,
It :|t—1_xt (3)10
X = _a(qt _eft) 17,
P, = ¢, +kx

From the model description inventory dynamics apmdear. Suppose that traders are willing to
buy from the dealer, namely, > , @he inventory stock level is going to decreasdhsdealer

should rise the quota to induce trader to sellraedmpose the shortfall.
Empirically some difficulties could rise, in factvientory data are private information thus it i$ no
easy to find databases on such variable.

3.4 Asymmetric information Price models

Since trade could move prices, one of the mostajmequestion that should rise is: what does it
determine trade? Probably many are the causesubely snformed traders will transmit to prices

something about their private information. First is@late the pure asymmetric effect, later we will
study the information and inventory combined togeih a single model.

Here the efficient price and the price equatiomsraspectively given by (3.2) and (3.9).

We modify equation (3.3) in the following way indar to not care about, in this first part, for

inventory effects:

q =ef_,+uy, (3.11)
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u,is a simple with noise process. The peculiaritgha model is the error term component of the

efficient price equation (3.2). In fact we allowr fa particular specification of the error term as
follows:

& = U, +hx (3.12)

where u, already appears in equation (3.11) and it refldetsupdate to the public information set,
while hx is the information that is contained in the traldeleed h is a parameter that reflects how

much of private information would be permanentignsferred to the price efficient change. We
assume that orders arrives randomly i.e. theretissarial correlation on trades. Therefore in that
model we are able to split and to evaluate precibel price impact of private information from the
public ones.

Anyways, a researcher should pay attention onffieeteve meaning of the second term in equation
(3.12). Markets in general and researchers in qdati are not able to directly infer the private
information of agents since their particular natuse the only possible way for extracting some
information of this kind stays in generate belgv&his suggests that the valuehotoefficient
could be determined via subjective conjecture.

The complete specification of the asymmetric masiéhe following:

ef =ef ,+¢

g =U, +hx (3.13)
g =ef,+u, '
P =G +kx

3.5 Asymmetric information and inventory controlr@que model

Let us combining the asymmetric information modghwhe inventory one.
Here the model is more complex so we will presemind afterwards comment. The model is the
following:

ef =ef, +¢

g = U, +hy,

% =€ly * U~ bl (3.14)
x, = -a(q - (ef,, +u)) +y,

o=l —%

P =G +kx

Here again we do not modify equation (3.2) but wality some other components. We study these
modification directly by the mean of dynamics: omméblic information arrivesy, realizes)q,

would be set and successively trade quantity isrdenhed (x ). It leads to a transaction prige, .
Finally we obtain a new efficient price that retethe effect of publici,) and trade related news
(where y, is the trade innovation). The quota takes accaofingublic information and inventory
imbalance while the trade quantity considers théemince between quote and efficient price
comprehensive of public information.

10



Ho and Macris (1984) tests inventory models bytmsdpthe bid-ask spread with inventory position
and they found that these two variables are p@&dytivelated, namely the bid and ask spread falls
when inventory are positive and viceversa. Otheeaechers such as Glosten and Harris (1988)
have found that inventory revision is more statadty significant as the trade size increases.
Hasbrouck (1988) has isolated the effect of invenpwlitics from information effect and he found
that the latter dominates the former. However otheearchers such as Manaster and Mann (1996)
found stronger inventory effect.

A study of Madhavan and Smith (1993) have triedttess the inventory effect on price formation
by solving a dynamic programming problem. More €pesdly they allow market makers to
actively recompose their inventory stock and, irditaon, they permit them to act as active
investors. Mainly market makers can adjust thegetinventory level through time.

In doing so, the weak inventory effect on pricasnit by Hasbrouck can be explained as a long-run
effect evaluated in a short-run analysis. Thereibi® underevaluated respect to any informational
effect. Consequently, the isolation of any possilmentory shift (long-term component) permits to
reflect only the short-run effect of inventory caniton prices. They have shown that is significant.
Lyons (1995) confirms the result: market makersamy adjust their inventory stock through time
but actively participated on trade thus they mogifiges.

As we can see the efficient price hypothesis isarooptimal choice in the description of price
dynamics. Many other market frictions have to bastdered. This departure from the simple
efficiency will be more apparent when we will loakstatistical properties of returns.

4. High frequency data: Advantages and Handling

In this section we do not treat directly the problef efficiency in financial market, instead we
would like to make the reader conscious about thvir@nment where prices are set. The place and
the modalities of data handling are very importamtfact they determine physically the starting
point of price discovery mechanism and its regti&si

Most of the financial studies have been publishredinancial literature deal with low-frequency,
regularly spaced data. Mainly two reasons can givexplanation for such a tendency. First, it is
difficult to handle and manipulate high-frequen@tad especially collection storage problems can
be very important. Second, in spite of the fact firancial data are coming to market at random
time most of the statistical methods are develadped homogeneous environment thus financial
analysis using these methods is a pure artifi@aldtion from the original market data.

However, the strong development of computer teaduywland the explosion of internet have
strongly reduced the first problem (i.e. some dasabare published by some internet provider).
Operatively, many institutions have hardly increheeir investment in computer technology since
the price formation mechanism should be lookedhatal time. This implies not only a real time
data collection and storage but also a prompt upglatystem able to fulfil all the market agents
needs. For instance traders before going intorsa@ion should have an idea of their current risk
position and possibly a conjecture about a possitite®e movement; only an advanced integrated
system can provide such a service.

Even though handling high frequency data can bblensatic and time-consuming, these databases
have some positive peculiar characteristics tr@anat always easy to find.

An extreme amount of data available is a very sgjramatistical advantage. High precision
parameters estimates and rousted measure of itglagh be performed even if we are analysing
short interval of time. Most importantly we cantdiguish, with an high degree of accuracy, the
correct data generating process among many possiele, so that identification problem may be
reduced.
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Furthermore, models implemented in high frequenameéwork allow for more complexity
structure. Non linear models with many parametersstimate are not usually a big problem since
the huge availability of data guarantees sufficaedrees of freedom.

Sometime this flexibility is not a common featufdaw frequency models, hence many researchers
try to extend their sample in order to get moreadaten if structural change problems can be
detected. Precisely, as the time interval dimensiogments the structural characteristics of the
system under study could vary, so availability ofja amount of data in short time periods allow us
to consistent validate statistical models avoiditrgctural brakes.

Lastly, high frequency databases open the doorsn@ scale analysis. Some empirical properties
are similar at different time scale: behaviourst taee common in short interval time are also
reencountered, by the use of appropriate aggreyataihods i.e. scaling laws, in long run analysis.
First studies on the properties of scaling lawsenne by Mandelbrot (1963) in a fractal context.
Because data are recorder often, second by secgindrequency data are usually called ultra high
frequency data stressing the fact that this istsec level of information.

As we have previously stated, markets are veryeuwdfft each other but they have some common
lines. For instance all the centralized exchangéeds prices, volumes and information about
counterparties involved in a transaction and aise tat which it has been executed, with some
degree of accuracy. In decentralized markets ssdbraign exchange and interbank money market
there is not such an automatism, namely “bid-askegpf are indicatively quoted by banks. While
information produced by exchange are collected xghange themselves, Reuters, Bloomber or
other data providers usually operates in decem&dlimarkets collecting data and make them
available to agents. Nevertheless these databesdiméed in its coverage and in transaction data
availability.

Rapid changing in technology and in market lawsam@amon in financial markets so that a full
understanding of the market mechanism is requitddllows that all the statistical properties, the
handling and construction of time series is heanglgted to this fact. Traders should carefullyetak
into account of that when they are cleaning andagey data.

In this section we will explore procedures usedtfi@se purposes.

4.1 Data handling

Raw high frequency databases are clearly subjectedors: filtering these data can eliminate data
that does not reflect properly market activity. dgsrare more frequent in periods where the trade
velocity is high, in fact there is a bigger probipito have mistakes in transferring information
when the order flow is very heavy (Falkenberry @0)0Quotas are usually less accurate then trade;
two could be the explanations, first quotas areentben trades, second there is more accuracy on
trade since they formally states the result ohagaction.

Dacorogna (2001) has proposed an algorithm to disa@ong observations in an exchange rate
markets, Brownlees and Gallo (2005) proposes andtimel of procedure in order to eliminate
outliers. They evaluate for instance an observataking into account its distance from the
neighbourhood observations. More precisely, thégutate the simple mean and standard deviation
of the neighbourhoo# observations around that one under analysis; tlsgytake into account a
granularity parameter. Its rule is crucial, in fadmetime price does not change during some
periods so the variance for these subsequent pscesro, thus a positive lower bound on price
variation is required. If an observation is insitie bound (it is given by three times the sample
variance plus the granularity parameter) it is kegherwise it is considered as outlier, thus
discarded.

Once data cleaning is done, researchers shouldtpetion to correctly manage the data.

12



At the same time many transaction could happenatlsidfferent price, so which is the true price to
keep track into the database? Before answeringgtieéstion we should understand which may be
the causes of such a phenomena.

First, securities could be exchanged in differeth@nges, second an execution can produce more
then one transaction report and third some appratkam might happen.

In literature some aggregation methods have begpoped for dealing with this problem: take the
median transaction price is a possible solutiorr. Vaume or transaction counts simultaneous
observation are substituted with the sum of sirmeltaus volumes or the number of simultaneous
transactions.

As we shall see in the section dedicated to theortapce of time, high frequency data are irregular
spaced date where two subsequent observationsepagased by a random interval of time.
Although we can lose some important informationmany cases it results more convenient to
work with equally space time intervals, hence theose of an appropriate aggregation method is
an important tool for obtaining a lower frequenicyd scale.

In the literature it has been proposed the useofemation functions (Brownlees, Gallo (2006)) or
interpolation methods (Dacorogna (2001)). The farmethods are based on the use of information
in a time interval. Specifically, if we want to lew the frequency of time series and we are
interesting to resume all the data in the intetwaé fromj-1 toj by a unique observation, say ,

they propose some methodologies such as: the(lfast) observation method where the first (last)
time interval observation, namely the one obsemtetimej-1 (j), is the representative for all the
interval; minimum (maximum) method where the minim@maximum) trade in the interval is the
representative one; the sum method where the st thie trades happen in the interval is going to
be the representative.

Of course, aggregation methods could loose someriiant statistical features of time series, but in
some cases (for example in the aggregation of vedum simultaneous observations and in the
construction of empirical histograms) these mettardsrequired.

Dacorogna (2001) proposed some interpolation methaevious point, next point and linear point
interpolation methods. The availability of densé¢adat is important when we apply this kind of
methodologies. In fact previous (next) point intdgtion work properly in aggregation if it is
applied when observations are available (at leasheé neighbourhood). If the previous (next)
observation is not available researchers shouldidenthe closer to the previous (next) observation
as the representative for the missing one. Ircéise of linear interpolation he should insteadamse
average between previous and next observation® iHer very important to have not very distant
observations, otherwise we may interpolate datargghg to much different period of time. In this
case it is better, in order to reduce the risk adsing statistical robustness, to not use any
interpolation methods but consider the observasi®missing one. In liquid stock market there is
no problems since a huge availability of data asueed, but in more illiquid market this kind of
facts could arise.

Another common problem is the “bid-ask bounce”.nBaction are normally executed at the current
bid or ask price even when no news hit the marketesen though no significant events has
occurred, prices could move. Price movement inglte so called “bid-ask bounce” are not
informative and in some sense misleading for tiseaecher view point, consequently this changes
should be not considered into the analysis. Sorgerithms have been constructed in order to
detect only price informative movement that arevaébsome thresholds (over the “bid-ask bounce”)
and eliminate all the other prices.

Some other problems are related with the openiniglaa closing time: in fact sometime the official
trading day starts a bit later then the officiatojmg and finishes, with the last transaction, al&at
later. In order to take account of that in stortr@nsaction data, researchers usually consider the
opening time as the starting point in recordingilevthey allow five minutes more than the official
closing time for assure themselves that the exastng price is stored.
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5. Stylized Facts

Although many financial studies in asset risk mamagnt, option pricing (Black and Scholes,
1973) and portfolio theory (for instance in perfamse analysis Sharpe (1994)) are based on
Gaussian asset return distributions and variance mgasure of risk, Mandelbrot (1963) with his
seminal work and other researchers (Koedijk (1988 stressed the not-Normality hypothesis of
financial market. Namely they found a particulagufarity in financial asset returns, the so called
“fat tail” phenomena.

This is one of the many regularities that have bdetected in financial data analysis. In literature
these particular phenomena are called “stylizetsfac

These findings are crucial in financial modellitgnce researchers and practitioners have to take
them into account for avoiding severe risk conprablems.

It seems clear that Gaussian world and efficientketahypothesis here are put under critical
discussion: in fact the only analysis of two retdrstribution moments is not enough to describe
the intere asset risk profile, but higher momesiigh as the fourth one are needed.

In this section we are going to discuss phenomemch 8s: seasonality, temporal dependencies,
volatility clustering and persistence, in additionexcess kurtosis, as important statistical priogeer
typically found in financial data.

5.1 Return asset distribution, “fat tails” and saaj law

In general when we are studying return asset digtans researcher should evaluate empirically
the probability of price changes to occur. For daimat, they construct histograms diagrams where
probability is measured via empirical frequency.rédat could be useful an appropriate
interpolation/aggregation method for obtaining dlyuspace data set.
The distributions obtained are almost symmetric asuhlly presents very low expected return. The
interesting fact is coming from higher moments ribsition, such as the forth one. For Gaussian
returns excess kurtosis has a zero theoreticaéyailfinancial market instead the kurtosis valtee a
extremely high (especially for short time interyals
Indeed, the interpolation method could interferethe proper calculation of that index, but is
commonly observed that at higher frequency kurtesisncreasing (Bollerslev and Domowitz
(1993)) so that financial returns are not repres@etby a stable distribution as it is possibl&in
thin tails Normal world.
This suggests to move our attention from the amalylscentral distribution to the behaviour of the
tails. Studying the tail is in some sense not g dgfficult task in high frequency framework; first
because of the huge amount of data available dotdha are very well represented and second
because all the possible distribution can be ardlys their tail behaviour only using the tail imde
(so calleda ). Hill (1975) proposes a statistical procedurapply for its estimation.
In general distributions can be divided into thmsgegories according to their tail index value
associated:

- thin tail distribution such as the normal one where « so these distributions have all

finite moments and exponential cumulative decayhertails.
- No tail distribution witha <0
- Fat-tail distributiona > Owith power cumulative decay on the tails

® Usually tail index is invariant to aggregationj e should pay attention when the central liméatem applies. In
fact even if a distribution presents fat tails, tadl index could increase and approach to infinBpecifically we are
going to have few data available in aggregatios tlva incur in distortions on the tail index estiibat
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Dacorogna (2001) found tail indexes for exchangesrenarket from 2 to 4, in these cases the fourth
moment diverge.

In terms of descriptive analysis, fat-tail and higlrtosis values are an empirical documented fact
of non-normality in return distribution. This firfihding is in contrast with any efficiency view in
the sense of Fama (1970).

Therefore the tail index can be considered as apirgral market efficiency measure: particular
values (such as the ones found by Dacorogna) itedipaoperly the heterogeneous market
conditions, where agents react differently to neamsl the transmission of information is not
homogeneous. On the other hand, for higher valideindex normality hypothesis become more
realistic even if such values are no encounteregirgzally, hence we should consider carefully the
distorsionary effect of time aggregation.

Another empirical measure of efficiency is given time helpful introduction of scaling law in
finance. As we have previously seen for the tailei we have invariance under aggregation
(considering properly distorsions) so, more gemertiie study of time series should not be
dependent on time interval. Thus, it may be anr@sing task to understand how different time
scale relates each other and possibly define semdarities.

For example Muller (1990), Schnidrig and Wurtz (39%ave found such scaling law in the
exchange rate market.

Let us consider a relation between time inter&band the powep of the absolute returns in this
period:

[E(r)P]"* = k(p)at>® (5.1)

wherek(p) is a constant anB(p) the drift exponent (according with Madelbrot (198@)997));
both are in function op.

For Gaussian random walk for any possible valugwé haveD(p) = 0.5. In exchange markets the
drift exponent, for a value ¢f equal to 1, is aproximatively estimated around0Notice that tail
behaviour is captured if we increase the powere/dhor instance = 2 is more appealing than=

1 in the study of tails.

Anyways, for exchange markets the drift exponemt Hagher values moves towards Gaussian
values, thus also here aggregation play an importée In this case the study of absolute retisns
the right approach to use.

Hurst (1965) characterizes the nature of this egpband discriminates between uni-scaling or uni-
fractal process and multi-fractal process. The farhmas a constant drift exponent for any valup of
(the Gaussian random walk is an example) the |latiera drift exponent that dependspon

Di Matteo, Aste and Dacorogna (2003) have studtesl gcaling law properties of developed
financial market by using the Hurst coefficient i value ofp = 2. In this case they obtained
different drift exponents for different markets. Mdiquid and developed market such as Nasdaq
100 and Nikkei 225 have values lower than 0.5 wikiig (Poland market) and JSX (Indonesia)
present values above 0.5.

Accordingly to this results we can say that thdisgdaw is not only a measure of efficiency but it
is also sensitive to the degree of developmenhefrharket. Hence markets are different also in
their evolution.

5.2 Temporal Dependence

Large trades should be related to information aoyr Surely in efficient markets there are no
traders that has superior information, but suppbae there exists informed traders that for some
extend are rational. More precisely if they knowngoinformation they want to exploit as much as
they can from their position, thus they should Bal/massive quantitative of stock.
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A theoretical work of Admati and Pfleiderer (198&s stressed the hiding capability of market
agents. Even though they have superior informatibay prefer to hide themselves along with
uninformed traders so that they are not visiblenddée big orders are broken up in small medium
size ones so that a better price is obtained fl@otverall operation.

Therefore, price and trade size are related: angwapn empirical study of Easley large size trade
resulted more informative.

Sequence of trades on the same side are the caluaesther important stylized fact in finance:
positive autocorrelatidrof absolute returns.

According to the braking order hypothesis reseaschave found positive autocorrelation; this
phenomena interested prices but also duridod volume.

Muller (1998) has done an autocorrelation analf@isexchange rate market considering absolute

returns raised to p power 4r |p). Namely, he tried to make a connection betweenekireme

events and tail behaviour with autocorrelation prtips. He found that as the valuepahcreases,
precisely as the importance of extreme events as@® autocorrelation decreases.

This is an important finding: it seems that autoelation in returns is principally a matter of aeht
part of the distribution so that extreme events@se correlated each other than average returns.
Another temporal dependence is due to the “bidkamknce” we have discussed previously in the
section devoted to the data handling concerns:fitee order negative autocorrelation. Market
makers in a very short-time (for instance few masjitare biased toward the bid or the ask price
since they are willing to balance their inventogsitions (Market makers bias). This effect is an
important one, since it leads to measurement ett@ts has to be considered for instance when
scaling laws are applied and drift coefficient estied.

These two stylized facts contribute to the view ludterogeneous behaviour of agents in markets.
Even though we allow agents to have some boundashah behaviour in choosing their order
flow, they are mostly responsible for positive aatiwelation in returns.

5.3 Seasonality, persistence and Volatility

The autocorrelation analysis has given also importents in finding seasonality. Some positive
autocorrelation has been detected around 1 dagnddl week for absolute returns, similar pattern
is obtained for squared absolute returns whilernstthemselves are uncorrelated.

Furthermore, the autocorrelation present in finalntiarket can be well modelled by using GARCH
models (Bollerslev, 1986). Also in finance markeatmostructure a stylized fact common for low
frequency data is present: the so called volatiitystering. High volatility periods due to large
price changes tend to be followed by large pricanges, the same for low volatility periods.
Although GARCH models are implied in the modelimatiof conditional heteroskedasticity, their
application in an high frequency context could lemdome problems. First, if we consider the sum
of coefficients it will be less and near to one gsstationary GARCH process with high persistency
in volatility clustering) we should expect an expatial decline in the autocorrelation when there is
a volatility shock. However, financial data exhibi much slower decay effect, so that Baillie,
Bollerslev and Mikkelsen (1996) have proposed a ehddat assigns hyperbolic weight to the
previous history of the process: FIGARCH models.

" We are interested in autocorrelation function wh@nwant to analyse linear dependencies betweeeriuand past
observations.

8 We are going to discuss more about this variabtbé section dedicated to time.

°® The short-run noise due to uncertainly within thid-ask spread is accompaigned with long-run bies tb

aggregation, so both of them have to be considerdde drift coefficient estimation, otherwise weutd have, for
instance in the first case, as a matter of noigerdnt drift exponent estimations. Namely, we came up with a drift
coefficient that is dependent to the short-timerval analysed even if we are considering data egrfrom the same
data generation process. Our goal instead is te ttevsame coefficient in every short or long tirmerval.
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Second, spurious GARCH coefficients are coming foata that exhibits seasonality.

Many adjustment methods in econometric literatumeehbeen proposed for taking account of this
last fact and depurate time series: seasonal dusnifiBaillie and Bollerslev, 1990), Fourier
transform (Andersen and Bollerslev, (1994)) ancetgoaling (Dacorogna, (1993)).

Here we concentrate on the last one with the ainetect some other stylized facts that can enrich
our view of inefficiency and heterogeneity in magske

Dacorogna has concentrated his analysis on exchratgenarkets and precisely he has constructed
a new time scale, the so callédtime scale. Considering that global activity ofckange rate
markets as a cumulation of local market activitpelin single geographical areas, he constructed a
time scale structure where empirical local seastynavere carefully modelled, so that only
persistent effects can survive. He has related tonmarket activity (measured via volatility): he
expanded the duration of the day when the levahafket activity is high (high volatility) and
reduced the duration of the day when the level afket activity is low, so that higher volatile days
are longer than lower volatile days. He has giveprapriate weights (according to market activity)
to daily hourd®.

In this “new world” even though the seasonalityyiwasly described are eliminated, other picks in
the autocorrelation function for the absolute nesuare found. These phenomena are related to
persistency (“meteor shower hypothesis” found byglEn(1990) and “heat wave” effect).
Furthermore, it is very clear the hyperbolic deacdyautocorrelation so its long memory serial
dependence, thus what it has been tempted to bedweged via FIGARCH is visible with the study
of autocorrelation function i@ -time scale.

As we can easily see all these stylized facts angetiow related to volatility. It is strictly relateo
market activity and it is also an indicator of pstancy (clustering). Volatility also has a spezifi
pattern in financial markets, the so called U-shaatility is higher at the beginning and at the
end of the day.

Therefore considering all the findings and reareaagerything in terms of volatility can be a key
way for discussing the heterogeneity in financiarkets.

Although we suppose that agents in the market ¢geraccording to GARCH structure for
volatility, they should have different time condtafor the exponential decay in the autocorrelation
since for institutional reasons or simply becauseythave different believes, they are not
homogeneous.

Therefore the hyperbolic results is simply an aggten result. Also in this case efficiency is
violated.

According to the efficient market hypothesis vdigtishould be negatively correlated with market
activity since more agents means faster convergentiee “real market price”. This is completely
in contradiction with the fundamental hypothesisésfime scale that indeed is based on empirical
finding: more agents means more possibility fodéra to decide when it is more convenient to set
an operation so volatility that is, in this casadg generated, is positively related with market
activity.

Furthermore, we have seen difference in the ewaiubetween markets, but also their geographical
location is important. Stronger autocorrelation gewsistency) is detected when the same traders
and market are considered (1 day ago) whereas lawgrcorrelation is typically found when
different operators and different regions are ader&®d (1 and half day ago) This is called “heat
wave” effect.

Within a market difference in trade behaviors coailsb be stressed by using the concepts of fine
and coarse volatility. The first considers the mabsolute working day returns averaged over five
observations (covering all the working week), whie second is the absolute return over a full
weekly interval.

91n physical time daily hours are equally weight&Herefore hours in the weekend have the same wesghours in
much more active market periods of the week (Wedbtnesr Thursday for instance). This fact can nauoén the new
time scale: weekends days are almost ininfluent.
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Coarse volatility is responsible for long-run agebehavior. According with their long-run view,
long-run traders determine their investment stratamsidering trends or, in other words clusters of
coarse volatility. Contrary to this approach, shrart traders react to clusters of coarse volatility
changing their trading strategy thus they are nesiiate for the appearance of cluster in the fine
volatility. The reverse is not possible, namelygenn agents do not react to volatility caused by
short-run traders, simply because they care abeutftindamental” value of an asset.

We can say that coarse volatility predicts fineatitity but not the other way round. This is again
another finding in the view of heterogeneity in Res: difference in investment objective
determines differences in strategies and diffeiraptaict on volatility.

6. Econometricstools

6.1 The importance of time

Differently from canonical macroeconomic studiesfinancial markets data are not equally spaced,
unless interpolation procedures, time between terastctions, the so called duration, is modeled as
a stochastic variable.

In this section we are going to analyze the retettiip between time and price formation in order to
critically isolate all the findings that validateet hypothesis of heterogeneity in markets.

During some periods, no observations can be registén other intervals concentration of trades
are observed. This difference in frequency hashtetanpact in the price mechanism. For example,
it is quite reasonable that more information in tharket means more trades, so variability of
information available during the trading day ch&eaees the shape of trading and consequently
price movements. On the other hand, more tradascentligher volatility and hence stylized facts
previously analyzed are commonly encountered.

It has been noticed that more volatility means lotiae between transaction and so concentration
of observations in very short time intervals, whiss volatility corresponds to a relative peace
informative thus an increase in durations.

Moreover, if the market regulation imposes sholtirggconstrains, no trade and consequently fall
in price might be a results (bad state of the markence durations is somehow related not only to
volatility and volume but also it is an importardriable that carry information on the market state.
Diamond and Verrechia (1987) and Easley and O’'Ha882) gives the first contributions on the
theme of time as a mean of information. In the farcontribution informed traders always trade, if
they do not trade it means “bad news”, in the tatiéormed traders trade when there is a signal,
hence no trade means “no news”.

Contrary to an homogeneous prospective of marlgtses move differently in trading and no
trading periods because of news arrivals and thdirtg mechanism itself. Again the analysis of
second distribution moment here is helpful, moreoxagiance values could also vary during the
trading day according to the public and privat®infation available to agents (intraday seasonality
are commonly observed). Therefore the positive cartelation of absolute returns directly
responsible of cluster in volatility is revealed ewhinformation are available to some agents that
exploit them by trading. Consequently, their adjyivincreases market uncertainly and trades
become more and more frequent.

Even though this mechanism seems clear, relatibmele® price information volume and duration
is not an easy task and it is nowadays a sourogofy academic debates.

Harris (1986), Richardson and Smith (1994) deriveiature of distribution models (MODM).
They suppose that agents in the markets are ditfémetheir risk aversion and market expectations,
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so that any traders react to arrival news accorttingis characteristics. Hence they adjust their
reservation price and change consequently marksggr

In MODM the total change in the market price isagisby the average change in reservation prices.
It is assumed that price changes are normallyibiged. Knowing the number of information
arrivals within the day and keeping the number gérds in the market constant, the total price
change is simply a mixture of independents norntat mixing variable the number of information
arriving that day. Thanks to this model we are ablarting from an assumption of market agents
heterogeneity, to know how price and volume chagg®rdingly to information arrivals.

This model has many appealing characteristics #hle to capture several stylized fact such as:
heteroskedasticty, volatility clustering, kurtosiad positive autocorrelation of absolute returns.
Nelson (1990) has found a link between MODM and AR@erature, namely he has demonstrated
that the discrete version of the continuous-timpoerential ARCH models can be rewritten as
MODM.

Nevertheless, durations is only marginally dressed question in this model.

They were able to find a direct connection betwpeoe/volume and information while they treat
theelpl)roblem of duration indirectly considering thistribution for arrival of news as the lognormal
on

In the literature modelization of time intervalddogys to the class of point processes.

Let us consider a series of strictly increasingloan variables, say,,t,,t,,...,t, ,.corresponding

to arrivals time, namely when transactions are ebegt; and let denote witki(t) the total number of
transaction occurred previously to timeTransaction arrival times jointly considered detiee a
point process.

A marked point process is, instead determined angtarrival times more information are provided,
these information are called marks such as: voluprases, bid-ask spread, etc...

Usually, researchers would like to model the j@irdbability distribution of next marks and arrival
times in order to have an idea when a new trarmacbuld happen and which values the variables
under study would assume. This is not easy, althahg joint distribution gives the complete
characterization of dynamics, empirically it regsi an huge computational effort.

Therefore it is useful to extract, from the origif@nt distribution, only the information that are
required for the particular analysis we are dealifit).

Of course, sometimes it could be interesting tovkmehen a new time arrivals is more likely to
happen, other times we can concentrate on the whlagarticular mark or in the time interval we
should wait for the occurrence of an event, etc...

Form this basic knowledge of point processes wedgive the definition of conditional intensity
function. Let us consider the following equation:

P(N(t+AL) > N() | N, ty s tymgse..t
AN 1t pots) = (N(t+20) ()lm() R ——

(6.1)

It determines the probability of a single eventivair conditional on the total number of arrivals
happened tillt and time arrival realizations from the startinginpoof the process tilt. The
conditional intensity function is also called hak&nnction. This will be useful in modeling time
duration via ACD models.

1 This distribution is the one that fits the datéde
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6.2 ACD models
Autoregressive conditional duration models (ACD)yvéndbeen proposed by Engle and Russell

(1998) in order to model time between transactien durations.
Let us denote duration, say, the difference between two subsequent arrivedgin=t;, —t,_;, and

Y, the expectation of duration given the past arrivaés, namely:

EOX | XiZys XiZo e s X)) T (X XL yeny Xy ) = W, (6.2)
duration at time is given as follows:
X, =Y, & (6.3)
where¢, is and i.i.d. process. The baseline hazard funtiis:

_ P9

Ay =
S(&; @)

(6.4)

where S, = Jm p(u; @)du is the survivor function. The conditional inteysitinction for the ACD is
given as follows:

=ty 1
AR IN(Q@),t_,t ... 1) =4 (6.5)
v ° ° Uvey YNy

According with the operational time view as in Damgmna, the probability of having an arrival
news could change over the time so that we migh¢ h@nger or shorter durations. This is in line
with the definition of “time deformation” (Stock 988)).

In the ACD models Engle and Russell (1998) procesmtording to the following scheme: first
they model the expected duration as follows:

q
Y, :V+Zajxi—j +Z,Bj‘//i—j (6.6)
j=1

here the expected duration dependspasturation lags and expected duration lags thus we are
modelling ACDf,q) and second they establish which distribution dgn® use for & . They
proposed the exponential (EACD) or the Weibull (WAGAhere the second one allows for more
flexibility. Others extend the possibility choiceciuding Gamma distribution (Lunde, 1998), Burr
distribution (Grammig and Maurer (200%)

Therefore, after modelizing the expected duratioth @moosing the density distribution far the

likelihood function is constructed.

2 The hazard function where 0.

13 In the literature many other ACD models were psmsh such as augmented ACD, asymmetric power ACD,
asymmetric logarithmic ACD, ect. Moreover ZhangsBell and Tsay (2000) proposes nonlinear ACD maalisiing

the dynamic of duration expectations to dependniordinear fashion to the previous durations.

A close relation between ACD models and GARCH masldiscussed in Hentscheld (1995) and Duan (1997).
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Using ACD models for duration allow us for detegtiother peculiarity typically founded when we
consider heterogeneity in markets.

Furthermore, we can easily show that from (6.3) &) durations can be modelled as an
ARMA(maxp,q),q) since the ACD specification is very similar to ARCH(p,q) process, hence

max(p,d)

g
X =y+ Z(aj +B,)X-; =2 BV +¢ (6.7)
j=1 j=1

where, following simple calculatiory, = x; —¢; is a martingale difference. ConsideriogL) and
B(L) polynomials of ordep andq in the lag operator, the simpte  @nd £ (1) allow us to study

the persistendy. Also here agents heterogeneity is somehow capturamely as in model for
volatility, we have a strong persistency in thegess, even if stationary is guarantee. Therefére, i
an informative trader breaks a big order in medsire orders creating the positive autocorrelation
of absolute return and volatility clustering, timeneasing volatility reduces durations so thatdrad
become more and more frequent, thus persistenssall duration is found.

In addition, typical intraday seasonality effectvolatility are also reflected into the duratiosisch

as the inverse U-shape. Also here, it has beenopegpsome procedures to depurate the process
from diurnal patterns, such as two step estimasomgucubic splines (Engle and Russell, 1998),
flexible Fourier transform with a proportional haedamodel (Gerhard and Haustch, 2007) and
semiparametric one-step GLM estimator (VeredasyiBoez-Poo and Espasa (2001)).

Sometimes researchers are interested in the asafsrrivals time where the marks take some
particular values, the so called thinned point psses.

As an illustration we can consider the case in Wwhiarations are determined by arrivals time that
move the price above a particular threshold.

In this view we can study the market liquidity ugidurations (Engle and Lange (2001)): we can
look at the cumulative signed volume transacted aveeriod in which price do not move above a
particular threshold. Lee and Ready (1991) propamedalgorithm to compute this cumulative
signed volume transacted, the so called VNET. Algor computation are based on the size and
timing of current and past transaction flows. VNiSTa time-varying measure of market depth
indicating the total net volume that market is abl@absorb before inducing a price change.
Therefore a time variation in expected VNET musutefrom agents who chose not completely
smooth liquidity over time, such as informed-baseders.

As we already know, impatience and rapid tradingallg reflects the influx of informed traders
when an asymmetric environment is considered. Hemdaigh transaction rate, high volatility
periods, markets are not able to absorb all themel present before recordering a price change,
hence we should have a lower market depth. Onttier band, when market activity is low and we
have a certain pace in volatility market depthighkr.

This is to say that market depthness can be irggrgras another empirical finding of heterogeneity
of market agents in this case specifically due tok®t agents information sets.

6.3 VAR Models for Prices and Trades

Here we are interested to evaluate how much a buyseller initiated trade would impact in the
formation of future expectation prices. Hasbrout®91) perform this analysis.

Let us consideAm the change in the mid-price (the midpoint of bmtl @sk spread) from1 toi,
while x, denotes the signed volume according to Lee andyR@&91). The following VAR system
is specified:

14 Some restrictions on ACD parameters must be inghsserder to guarantee the positiviness of dunstio
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(6.8)
i=1 i=1

where the first equation denotes the quota revigrahthe second the trade.

Many market microstructure frictions allow us tderpret the rule of lagged values in a VAR
representation: inventory control effects, pricessthing effects of market makers against huge
price movements, price discreteness (Harris, (1990)

In the system (6.8)y, and s, are the disturbances, namejy, represent the innovative part of

trade, for instance private information. We supposg(7,)=0, E(,)=0 and

E(7u7:;) = E(7215;) = E(74/7,6) =0 for s £t
Estimation ofb; is important: if it is positive buys increase quogaisions while if it is negative

sells decreases it. Hasbrouck pointed out the sporedent VMA (Vector Moving Average)
representation of VAR and analysed the impulsearesg function in transaction time.

The result is that the full price impact of trans@t is not immediate but is slow, hence it takes
some times before the complete realization of &.dtso proceeds in a cross sectional analysis in
order to relate price impact effect and firm value.

Considering that the impact of a trade on smaé §izn is larger and more transitory respect to the
impact of a trade on a large size firm, first he Iséandardized price impact measures for firms
across his sample. Specifically, he calculatesdifferent measures: the ratio of the price impdct o
50" and 98" percentile volume trade over the average priags these measures show the absolute
importance of the information revealed in tride

Moving from lower to higher market value sub-samplese measures decline so that smaller firms
have larger information asymmetries.

These findings stressed the fact that not onlyegrieact not immediately to information issues but
also this reaction is transmitted into price chandgerently according to the dimension of thenfir
under analysis.

Moreover, the fact that durations carry informati@nould be impounded somehow in price
change. According with this view Hasbrouck modes leen extended by Engle and Dufour
(2000). In particular they started from the assuomst that higher trading intensity induces higher
price impact of trades, a faster price adjustmenhéw trade-related information and stronger
autocorrelation of trades.

Considering the first equation in the system (Gi& parameterb, (also d;follows the same
adjustment) is explicitly characterized as a timeying parameter, so that it is modelled as follows
K

b; =9, +Zl9ij,i—k +¢,In(x_;) (6.9)

J
k=1

As we can see, the effect of trade on quota ravisam be spitted into two parts: the time-of-thg da
effect and past durations. The intraday periodisitire captured by dummy variablgs,_, , while

past duration enters in their logarithmic form. Wéver parameters), and ¢, are no zero)p,

15 He also pointed out the problem arising from défeiation of long-run variance. In fact two firrosuld have the
same long-run variance but differ in its compositidhat is, the proportion regarding specificathde (depending on
private information) respect to the one due to jgubformation could be different. For this reasboould be useful to
consider also a measure that account for the traplact to public information.
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assumes fully its time varying nature. Engle andufbo studied the impulse respond function
considering all the system (6.8) with the modificat(6.9) an ADL model for arrival time.

They found that time of the day effect is not umficacross assets, for example at the beginning and
in the end of the trading day we usually have mofermation in the market so this fact induce
price changes, but the impact on assets is diffgfea have different estimations & across
assets). In addition thg, coefficient is negative: longer durations impasd on price change than

shorter duration (the impulse response functioftsshp/down depending on short/long transaction
durations).

6.4 Volatility Modelling in tick time

In the previous part using the VAR approach we stunlv quota updates given characteristics of a
transaction, whereas the focus now is on how chenatics of a transaction affect uncertainly

about quota revision. Here, we adapt the well-kt@RCH model literature to the high frequency
data context the so called UHF-GARCH. The condélorariance per transaction is given by:

h, =var(, | x,1, ) (6.10)

where r; denotes returns, whilg; is duration andl,_; is the information set till timé-1. Whereas
the conditional variance per unit of time is giy®n

LI W il} (6.11)

and h =x0?. For estimating the model a two step quasi-maxinlikelihood estimation is

proposed. First we should estimate duration via A@Bdel and secondly’using a GARCH

model. However, in the light of possible marketragyetries in agents information sets, researchers
should incorporate in expected durations past bidspread and volume as they could cause an
increase of volatility (Engle (2000)). However, efal attention should be pay to the temporal
aggregation in the model parameters.

Drost and Nijman (1993) tried to take account fas tfact using a “weak” GARCH model with
time-varying parameters driven by expected tradatthn. Anyway, results apply for aggregation
from one fixed interval to another, exogenouslyceped.

Gramming and Wellner (2002) extended ACD-GARCH niddemework to model the interaction
between volatility and trade intensity. Another gibke extension is introduced by the normal
duration GARCH process, namely this model is subjecsystematic changes in the expected
sampling frequency according to how the expectedtdin in the ACD process compares to one.
Volatility affects expected trade durations as well

From this brief review of volatility models we caasily deduce that the problematic issue of
differences and discrepancies that characterizednéial markets is also encountered in the
volatility modelling. Frictions induce researchérdeave the “simple” GARCH model for volatility

16 Nevertheless Renault and Werker (2008) critidize approach, namely they stressed the fact théteatlependence
takes place through the link between expected idurand instantaneous volatility, though exogenuaiss events
could actually drive both durations and volatiliiforeover they criticize also the structural foutigias of that model.
A possible solution to address these issues iséaantinuous-time stochastic volatility modelswindom times.
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that fit well data in low frequency cases and gahier with extension that account for more
complicated and in some way more extensive andrgefeem to modelize uncertainly in financial
markets.

Conclusions

Classical financial theory considers financial nedska place where homogeneous agents with the
same expectations about prices interact each otheercomplete rational world. All the news are
already incorporated into prices thus no placepfofitable trading strategies to be implemented is
available.

This theory has been firstly put under discussigrbbhavioural economists, in fact they found
some possible exploitable strategies looking atualuund performances. The introduction of ultra
high frequency database with enormous amount i datilable makes possible the statistical
testing of efficient theory directly into market&his new very challenging context attracts not only
economists and econometricians but also sciemstsng from the so called “hard sciences” such
as physics.

They try to enounce new theories and elaborate medels in order to consider properly the
frictions typically present in the markets whiche arot considered at all in an “homogeneous
world”. Economists studied carefully activitiesaifferent agents like market makers and traders in
the markets and with the help of econometriciamsy have started to formalize models apart from
the simple random walk for prices.

They first allow for a pricing errors component aiinibbecome the so called “bid-ask spread” when
the introduction of market makers is consideredgsssively they allow market makers to modify
prices according to their inventory, after thatytlrroduce information asymmetries recognizing
the possibility to have agents more informed thters. Lastly they combine the two approaches
and construct a unigue model that takes into addooth asymmetries and inventory politics.
Although these models where very well formalizedinontext where frictions in the markets are
rightly considered, we should stress their sta@tproperties and specifically if they correctiy f
the data. Here the vast databases available dtay,aacorrect data management, an important rule
in the validation of theories apart from the cleabbnes.

Researchers detect some regularities on data. Stmayld consider properly these “stylized facts”
in the construction and model validation.

Distributions of returns are fat tailed meaningttegtreme events should be heavily considered in
the risk profile of an asset. Quantitatively, vt clustering is strictly connected with the fabat
traders once they have private information theit §pé order over a long period of time instead of
generation a unique transaction, thus they cradtearrelation in absolute returns.

All these finding move us away from efficiency amdke us in a position to think about a possible
alternative theory for heterogeneous markets.

Agents are not omniscient; they act according tfeidint objectives, sometime they have different
opinions about the “fundamentals” other times testance” become a constrain in an optimal
allocation activity. In other situation they simgbtlow “fashion” or act for liquidity needs.
Therefore, different agents with different informoatset at disposal interact together in markets an
the final results are prices.

As an illustration we can make an analogy with pisysLet us consider a pot full of water and
consider it as a market. The agents are represantpdrticles of water.

We can divided the particles of water in four catégs according to the distance to the flame,
namely the first category particles are the clégghe flame, while the fourth category particles a
the one more far away from the flame.

A flame hits the pot, after few minutes accordiagdhe intensity of the flame, we should start te se
particles nearby the flame to move, they would miagter and faster so that they will hurt other
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particles that are a bit far from the flame butrrteahe first category particles: the second aatgg
particles. Successively the second category pestialill start moving faster and faster and start
hitting the third category particles and so orlhis phenomenon could be view in parallel in
financial markets. Water particles are traders,clbeeness to the flame is determined according to
their horizon time namely the closest are the ddyatraders while in the fourth category we have
the long run traders such as central banks. Timeeflig the news and its intensity is the measure of
importance for that news. Therefore, as news hismarket, some traders react immediately and
later on other agents would react consequently. sgeedness of reaction strictly depends on the
importance of the news: more important news magetien so that the reaction time reduces (“time
deformation” problem). The relaxation time aftesl@ock in the volatility is long because many
different agents (with different constant for thegenential decay of autocorrelation in a GARCH
approach) are represented in the market. Thisriswell documented as the hyperbolically decay
of autocorrelation function. Furthermore, some othews are private so also asymmetries play an
important rule in the transmission of news thropghes.

All these finding make us conscious on the marketibns and heterogeneity of agents, but gives
also the basis for a new theory of efficient magket

Even though heterogeneous expectation is a diffissle to model, researchers should concentrate
on finding regularities by the use of these vasalolases and start to incorporate them in theotetica
models so that market frictions can be reduced raewd theories on market agent interaction
perceived.

Although a lot of work is done in this sector afdnce additional research effort should be done in
detecting other possible regularities on data atef use them in proper models.
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